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Abstract 

Wc study the large deviations principle for one dimensional, continuous, homogeneous, strong 
Markov processes that do not necessarily behave locally as a Wiener process. Any strong 
Markov process Xt in M that is continuous with probability one, under some minimal regularity 
conditions, is governed by a generalized elliptic operator where v and u are two strictly 

increasing functions, v is right continuous and u is continuous. In this paper, we study large 
deviations principle for Markov processes whose infinitesimal generator is eDyDu where < e ^ 
1. This result generalizes the classical large deviations results for a large class of one dimensional 
"classical" stochastic processes. Moreover, we consider reaction-diffusion equations governed by 
a generalized operator D„D„. We apply our results to the problem of wave front propagation 
for these type of reaction-diffusion equations. 
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1 Introduction 

It is well known that for each classical second order differential operator 

L/(x) = -a(2;)-fy + 6(x)^ (1.1) 
2 ax^ ax 

with smooth enough coefficients a{x) > and b{x), there exists a diffusion process {Xt,Px) in 1^ such 
that L is the generator of this process. The domain of definition of L is V{L) = {f : f £ C'^{R)}. 
If a(x), h{x) G C(M) with a{x) > 0, the trajectories of Xt can be constructed as the solutions of the 
following stochastic differential equation: 



dXt = cj{Xt)dWt + h{Xt)dt, Xo = X, (1.2) 

where a{x) = a'^{x) and Wt is the standard Wiener process in M. It is also widely known that if 
Xf satisfies (|1.2|) then it behaves locally like a Wiener process. In particular, it spends zero time at 
any given point x G M and it exits the interval [x — 5, x -|- (^] through both ends with asymptotically 
equal probabilities as 6 10. 
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Let now < e ^ 1 be a small positive number. Denote by XI the process that is governed by 
the operator 

^/(^) = 2«(^)^^ + &(-)^- (1-3) 

Then, large deviations principle for the process X^ is well known (Freidlin and Wentzel [8]; see 
also [5] and [H]). In particular, the action functional for the process {X^)^^^q rp-^, in C([0,T];M) as 
e 4, has the form 7 Sqt where 



g (cj))- h -fo ''^"aC^iy" ^'^' ^^^^ ^([0' ^) absolutely continuous 
1+00, for the rest of C([0,r];M). 

However, no general results on large deviations principle are known for general one-dimensional, 
strong Markov processes that do not behave locally as a Wiener process. Namely, for processes that 
may spend positive time at a given point x G M or that may exit a given interval [x — (5, x + (5] with 
unequal probabilities from left and right as (5 4, 0. The purpose of this paper is to study exactly 
this situation for a large class of one dimensional, homogeneous, strong Markov processes that are 
continuous with probability one. These processes were characterized by Feller [3] in a unique way 
through a generalized second order elliptic operator D^Du and its domain of definition. 

As we shall also see below, the functions v and u that appear in the D^D^ operator are in 
general non smooth. Function u could be non differentiable and function v could even have jump 
discontinuities. Note that if they were sufficiently smooth, then one would recover the classical 
second order operator (|1.3p (see below for more details). These non-smoothness issues create 
several technical difficulties in the proof of the large deviations principle that one has to overcome. 
We overcome these difficulties and we provide an explicit expression for the action functional which 
is in terms of the u and the v functions under minimal assumptions on u and v. Moreover, we 
apply our results to the problem of wave front propagation for reaction diffusion equations where 
the operator of the partial differential equation is a generalized elliptic operator D^Du- Such 
reaction diffusion equations can appear in applications as, for example, the limit of a family of 
standard reaction-diffusion equations where the diffusion and drift coefficients converge to non- 
smooth functions. Then, as we shall also see in section 4, the characterization of the limit through 
a DyDu operator is very convenient and one can use the expression for the action functional to 
calculate the position of the wave front. Moreover, the non-smoothness of the v and u functions 
can create several phenomena in the propagation of the front such as change in the speed of the 
propagation. 

In addition, such DyD^ processes arise naturally in applications as limits of diffusion processes. 
For example, we mention: (a) the limiting process for nondegenerate diffusion in narrow branching 
tubes with reflection at the boundary (see Freidlin and Wentzel [3) and (6) the Wiener process with 
reflection in non-smooth narrow tubes (see Spiliopoulos [H]). In both cases, the diffusion process 
in the narrow branching tube or in the narrow non-smooth tube (for (a) and (6) respectively) 
converges weakly to a strong Markov process Xt, as the tube becomes thinner and thinner. The 
limiting process behaves like a standard diffusion process on the left and on the right of the point 
where the branching occurs or of the discontinuity point (for (a) and (b) respectively) and has to 
satisfy a gluing condition at that point. Knowing the action functional for these kind of processes, 
one can study several other problems of interest. We mention, for example: (i) exit problems, {ii) 
wave front propagation for reaction diffusion equations where the operator of the partial differential 
equation is a generalized elliptic operator D^D^ and other related problems. 
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In this paper we study the large deviations principle for a one dimensional strong Markov process 
XI with generator eD^Du, where u{x) and v{x) are given functions, and Xq = x. In particular, 
u{x) and v{x) are strictly increasing functions, u{x) is continuous and v{x) is right continuous 
and Dy, Du are differentiation operators with respect to v and u respectively. The expression for 
the action functional is in Theorem ll.li Corollary 11.21 gives an equivalent and simpler expression 
for the action functional under some stricter assumptions. These results generalize the classical 
large deviations results for a large class of one dimensional strong Markov processes that cannot be 
expressed as solutions to stochastic differential equations. In particular, Corollarv 11.51 shows that 
our form of the action functional reduces to p.4|) with 6 = 0, if it and v have a special form and 
enough smoothness is provided. 

Before mentioning the main result of this paper (Theorem II. ip we need to introduce some 
notation. Let us define the sets 

U = {x € R : the derivative of u does not exist at 

V = {x G M : the derivative of v does not exist at x, v is continuous at x} 

Vd = {x € M : f is discontinuous at x} (1-5) 

Of course, the sets [/, V and are at most countably infinite. 

Moreover, for a continuous function : [0, T] — )■ R, i.e. (j) G C([0,T];M), we define the sets 

= {tG[0,T]: (/>(*)£[/} 

= {te[^,T]:<P{t)eV] 

Vd,^ = {te%T]:cP{t)eVd}. (1.6) 

We also define the sets 



E = {U\JV)\Vd and = {U^VJV^)\Vd,^. (1.7) 
Now we are ready to state the main result of this paper. 

Theorem 1.1. Let u{x) and v{x) he strictly increasing functions, u{x) he continuous and v{x) he 
right continuous. Assume that there are positive constants ci and C2 such that < u'{x) < ci and 
< C2 < v'{x) at the points x where the derivatives of u{x) and v{x) exist. Let XI he the strong 
Markov process whose infinitesimal generator is eD^Du for < e ^ 1 with initial point X^ = x. 
Let : [0, T] — )• M 6e a continuous function in [0, T] . We have the following. 

(i). If the Lehesgue measure of the set is zero, i.e. ^{E^) = 0, then 

is well defined, it is continuous and nan- decreasing in t. If KiVd^cf)) = 0, then cy(f,{t) is strictly 
increasing in t. For functions (j) such that h.{E^) > we interpret, without loss of generality, 
the derivative ^ in the formula for cT<^(t) as the minimum of the left and right derivatives of 
V with respect to u on the countable set E (see Remark \1.3\ and the statement of Lemma \2.3\ 
for more details). 
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(a). Denote by "ftpit) the generalized inverse to a^{t), i.e. 

-f^{t) = inf{s : a^{s) > t}. (1.9) 

The action functional for the process {Xf:)^^^^ in C([0, T]; M) as e 10 has the form ^SoTi4>) 
where 

lo'''^'^^ |^M^^(£))).|2^^^ if u{4>{l(t>{s))) is absolutely continuous and (j)o = x 

(1.10) 

+00, for the rest of C{[0,T];R). 

The functional Sqt (4') is lower semi-continuous in the sense of uniform convergence. Namely, 
if a sequence (j/^ converges uniformly to cj) mC([0,T];R), then 5ot(0) < liiiiinfn-!.oo 'S'ot(</'")- 
Lastly, the set^s = {4> ^ C([0,T];R) : SoTi<P) ^ s and 0(0) belongs to a compact subset o/M} 
is compact. 

□ 

The following corollary gives a useful representation of the action functional in the case where 
t; is a continuous function. Then, of course, V^ = 0, E = U U V and 0"^(i) is strictly increasing. It 
follows directly from Theorem 1 1 . 1 1 after a straightforward change of variables. 

Corollary 1.2. In addition to the assumptions of Theorem \ let us assume that the function 
v{x) is continuous. The action functional for the process (X|)jgjQ^j, in C([0, T];]R) as e J, is 

^Sot{4>) where 



^ ^' Io(^ ° 4'y{s){v o (f>y[s)ds, if 4> is absolutely continuous and (po = x 

(1.11) 

-oo, for the rest of C{[0,T];R). 



SoT{<t>) = 

Moreover, note that for (p absolutely continuous we have Se^{4>) = 0. 



□ 



Remark 1.3. As we saw in the statement of Theorem part (i), (T(i){t) is well defined for (j) 
such that A(E^) = 0. As a consequence, the action functional is also well defined. For (j) such 
that A{E^) > we defined ^^{t) using formula ^.8\) by interpreting the derivative ^ as the 
minimum of the left and right derivatives of v with respect to u on the countable set E. This is 
done without loss of generality. In particular, let us pick a point z E {U L) V) \ Vd and denote 
E^ = {t £ [0, T] : (pt = z}. Then, for (p absolutely continuous, we have Se^{4>) = (independently 
of the interpretation of the u and v derivatives on E). More details will be given in the proof of 
Theorem \2.1(A 

□ 
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For the convenience of the reader, we briefly recall the Feller characterization of all one- 
dimensional Markov processes, that are continuous with probability one (for more details see [3]; 
also [E]). All one-dimensional strong Markov processes that are continuous with probability one, 
can be characterized (under some minimal regularity conditions) by a generalized second order 
differential operator D^Duf with respect to two increasing functions u{x) and v{x); u{x) is con- 
tinuous, v{x) is right continuous. In addition, D.^, Dy are differentiation operators with respect to 
u{x) and v{x) respectively, which are defined as follows: 

Duf{x) exists if f{x) = D~ f{x), where the left derivative of / with respect to u is defined 
as follows: 

f(x - h) - fix) 
D„ fix) = lim — — -— provided the limit exists. 

" ^ ^ HO u{x -h) - u{x) 

The right derivative D^f{x) is defined similarly. If v is discontinuous at y then 

■' hio v{y + h)- v{y - h) 

Remark 1.4. For example, it is easy to see that the operator L in can he written as a DyD^ 
operator with u and v as follows: 

u{x) = e "f^) ^dy and v{x) = / e-'° "t^) ^dy. (1-12) 

Jo Jo a(y) 

The representation of u[x) and v{x) in il.l2\) is unique up to multiplicative and additive constants. 
In fact, one can multiply one of these functions by some constant and divide the other function by 
the same constant or add a constant to either of them. 

□ 

Corollary 11.51 is easily obtained from Corollary 11.21 and Remark II. 4[ It shows in which way the 
action functional in (|1.4p is generalized by the functional in (jl.lOp in the case of 6 = 0. 

Corollary 1.5. Ifu{x) andv{x) are given by U.12\) anda{x), b{x) are regular enough, then E^i) = 
and the action functional in il.lO\) . or equivalently in U.ll\) . coincides with with b = 0. 

□ 

The rest of the paper is organized as follows. In section 2, we prove that ()1.10p is the action 
functional for (X|)jgjg assuming that (jl.Sp is well defined. In section 3, we prove: (a) that a"0(i) 
in (II. 8p is well defined for functions such that the Lebesgue measure of the set is zero and (b) 
several auxiliary results that are used in section 2 to prove Theorem 11.11 In section 4, we consider 
reaction-diffusion equations governed by a generalized operator D^Du and we apply our results to 
the problem of wave front propagation for these type of reaction-diffusion equations. Lastly, section 
5 includes some concluding comments and remarks on future work. 



2 Estimates for probabilities of large deviations 

In this section we prove that (jl.lOp is the action functional for {X^)^^^^ rpy However, first we 
introduce some notation that we will use throughout the paper and we state the results of [19] that 
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we use. Then we state without proof some auxihary results. The proof of these auxiliary lemmas 
will be given in the next section. 

In this and the following sections we will denote by Cq any unimportant constants that do not 
depend on any small or big parameter. The constants may change from place to place though, 
but they will always be denoted by the same Cq. Moreover, we fix two functions u{x) and v{x) 
that have the properties of Theorem 11.11 and we denote by for the process whose infinitesimal 
generator is eDvDu. Additionally, let u_i(x) denoting the inverse function oiu{x). 

Furthermore, for a continuous function (j) : [0,T] — t- M we define the functions and 
7?i_i((/))(*) the same way to (|1.8|) and (|1.9|) with u_i[(j)) in place of 4). 

The following key result is a restatement of Theorem 4 in [19] . 



Theorem 2.1. Let u{x) and v{x) he strictly increasing functions, u{x) he continuous and v{x) he 
right continuous. Let {vn{x))^^-^ he a sequence of strictly increasing functions, continuously differ- 
entiahle with respect to u{x) and converging to v(x) at every continuity point of v{x). Moreover, 
Wt denotes the standard one dimensional Wiener process. 
We introduce the variahles r" equations 

^^("-i(M--.))<i» = < (2.1) 

Then we have: 

(i). lim„_s.oo 'T'u i(vi/)(*) exists uniformly in t > on any finite time interval in the sense of con- 
vergence in probahility, for all TTicdsuTcs T^x OiTid indcpcTidcfitly of the choice of the scqucticc 
{vn)n&n- Moreover, lim„ 

— >oo is strictly increasing in t with P^; probahility 1. 

(a). Denote 

Tn_,(^y)(t)=^lim (2.2) 

The process 

^* = ^-i[W^r„_^(,,,w] (2.3) 

is a homogeneous, strong Markov process whose infinitesimal generator is D^D^. The domain 
of definition of the D^D^ operator is 

V{DyDu) = {f : f £ Cc(M), where at each non smoothness point 

Xi of u and v the gluing condition holds (2-4) 
Dtfix,) - DZf{xi) = [v{xi+) - v{x,-)]DvDuf{xi) 
and DvDuf{xi) = lim DvDuf{x) = lim DvDuf{x)}. 



□ 

Remark 2.2. Theorem \2.1\ essentially says that any continuous, homogeneous, strong Markov 
process that can he characterized through a DyDu operator, can he obtained from a Wiener process 
after a random time change and a space transformation. Moreover, a simple application of ltd 
formula shows that if u{x) and v{x) are given by U.IS^) and a{x),b{x) are regular enough, then 
Xt = satisfies H^i). 
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□ 

We will also need the following results whose proof will be given in the next section. Lemma 
12.31 is essentially part (i) of Theorem II. 1[ Lemmas 12.41 and 12.51 are technical lemmas that will 
be used in the proof of lower semicontinuity of the functional SoTi^P) compactness of the set 

= {4' ^ C([0, r];M) : 5ot(0) < «}• Proposition 12.61 gives a representation of the process 
that is governed by the generator eD^Du in the spirit of Theorem 12. 1[ Lemma 12.71 discusses the 
exponential tightness of = u{X^). Using the aforementioned results we prove Theorems 12.91 and 
12.101 which discuss the large deviations principle for = u{XI). 

The proof of Theorem 11.11 follows from Remark 11.31 Theorems 12.91 and 12.101 and the well known 
contraction principle for large deviations. Namely, we find the action functional of X| by using the 
action functional for Yf and the fact that u{x) is invertible. 

Lemma 2.3. Let u{x) andv{x) he strictly increasing functions as in Theorem \l.l{ In addition, let 
{vn{x))^^j^ be a sequence of strictly increasing functions, continuously differentiable with respect to 
u{x) and converging to v{x) at every continuity point ofv{x). Moreover, assume thatO < C2 < Vn{x) 
for every n. 

Let </> : [0, T] — )■ M 6e a continuous function in [0, T], i.e. (j) £ C([0, r];M). We introduce the 
functions by the formula 

^;it) = / [-^i^,)]-^ds (2.5) 



The functions cr^{t) can be regarded as functions oft or as functionals of (j). If K[E^) = then 
lim„_j.oo exists uniformly in t on any finite time interval and independently of the choice of 

the sequence ('Vn)ngA''' Moreover, it is continuous and non- decreasing in t. If AiVd^ff,) — 0, then 
lim„_^oo cr^(t) is strictly increasing in t. We write 

/■* 1 dv 

<y^{t)= / [ (0,)]-id.= hm al{t). (2.6) 

Jq 2 du n^oo 

□ 

Lemma 2.4. Let : [0, T] — )■ M 6e a continuous function in [0, T] such that (T(i,{t) is well defined 
for t G [0, T]. Function ^4,{t) is right continuous. Let us define 7^(t) = lim^..^^- 7(/,(s). For any t G 
[O,cj0(T)] that is not a continuity point of^(f,{t), the function cj){s) is constant for s € [t^ (^))70(^)]■ 
□ 

Lemma 2.5. Let be a sequence of functions in C([0, T];]R) that converges to (p uniformly in 
C([0,T];]R). Under the assumptions of Theorem for the functions v and u we have: 

(i). For any t G [0, T] we have that cr^{t) = lim„_j.oo o'c^" (i) • The convergence holds uniformly in 
t. 

(a). For any t € [0, (J0(T)] that is a continuity point of "f^{t) we have ^(j,{t) = lim^-^oo 7(^n (t) . 
(Hi). For any t G [0,a^{T)] we have </)(70(t)) = lim„,_^oo (/'"(70"(*))- 
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□ 

Proposition 2.6. Let us define = u^l[^/eW^-^ {^w)i'^)^' '^^^'^^ ''"u_i(v^iy)(*) defined as in 
\2.S\) with y/eW in place ofW. Then, the infinitesimal generator of is eDvDu. 

□ 

Lemma 2.7. The family = y/eW^^ {^w)(t)' exponentially tight in C([0, T]; M); for any a > 
and 5 > there exists a compact C C([0,T];]R) such that 



P(pOT(r,Ka) >5) <exp{-^} 



for e > small enough. 



□ 



Remark 2.8. In what follows we will use Lemmas {2.4^ and (2. 5)) with (j) = U-i{ip), where ^ is a 
continuous function. 



□ 



Let us define now the functional 



^ /o " ^'^^'^ ^ I ds"^^^ {"^ds, if V'(7m_i(i/o('^))^^ absolutely continuous and i/jq = u{x) 

(2.7) 

+00, for the rest of C([0,r];M). 



Remark ll.3l Theorems 12 . 91 and 12 . 101 below imply that the action functional for the process (Xi)t£_[o T] 
on C([0,T];R) as e | is given by ^S^rp^ip). Theorem 12.91 discusses the standard properties of 
'S'ot(V')- III particular, S'^(^) is lower semi-continuous in the sense of uniform convergence and 
the set 'I's = S C([0,T];M) : S'Jp(^) < s} is compact. Theorem 12.101 is about the estimates for 
probabilities of large deviations. Then, as we mentioned before. Theorem 11.11 follows from these 
two theorems. Remark 11.31 and the well known contraction principle for large deviations. 

Theorem 2.9. Let u and v he two strictly increasing functions as in Theorem \l.l\ and let S^j,{xp) 
be defined by ^2. 7|j. Then 



(i). The functional S^rp(ip) is lower semi-continuous in the sense of uniform convergence. Namely, 
if a sequence ip"^ converges uniformly to ip in C([0, T];]R), then S^rp^ip) < liminf„_s.oo S^rp^ip"^). 

(a). The set = {ip ^ C([0,r];]R) : Sqj^{'iP) < s and ■ip{0) belongs to a compact subset ofM.} is 
compact. 



□ 

Proof, (i). It is sufficient to consider the case when S^rpiip'^) has a finite limit. The proof follows 
directly from Lemma [231 and the fact that V'(7u_i(»/')('5)) absolutely continuous (see [16] page 75 
and the proof of the corresponding property for the action functional of the Wiener process [8]). 
(ii). Let S i-e. S'^(^) < s. It is enough to prove that 
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a) \ip{t)\ < Co < oo for some constant Co uniformly in t £ [0,T]. 

b) \'ip{t -\- h) — ip{t)\ < g{h) — 7- as /i —7- for some function g[h) uniformly in t € [0, T]. 

Then we can conclude by the well known Ascoli-Arzela theorem. 

We have two cases: 7m_i(^)(-) is continuous at cru_^(^i)){t) £ [0, and 7u_i(^)(-) is not 
continuous at G [0, cr„_j(^,-)(T)] for t G [0,T]. 

Let t G [0, T] be such that 7tj_i(^)(-) is continuous at In this case we certainly have 

lu-i{iii){'^u-x{ii>)if)) = Then, under the assumptions on the functions u and v, we easily see that 



ds\ + \m\ 



m)\ < \m-m\ + 



ds 



< 



< 700^^2^+1^^(0)1 (2.8) 

and similarly if + /i G [0,r] are such that 7u_i(i/))(cu_i(»/i)(i)) = t and 7n_i(»/i)(<7u_i(i/))(* + ^)) = 
t + h, then 

|V'(t + /i) - V'(*)l < \/2sY^cr„_^(^)(t + /l) - 0-„_j(^)(t) 
< V2's^/Coh. 

Let t G [0, T] be such that 7«_i(^)(-) is not continuous at o"^j_^(^)(t). Since for any t we have 
^u.i{ij)^'^u-x{ii)){t)) <t< 7m_ i(v) (''"«- 5 Lemma[23]implies that V(i) = V'(7«_i(t/>)(f^«_i(i/;) 
Therefore, we have that the calculations in (j2.8p remain valid in this case as well. This implies part 
a). For the equicontinuity part b) we can proceed in a similar way and prove that 



\iP{t + h) - i;{t)\ < V2's^/Coh. 
This concludes the proof of the theorem. □ 

Theorem 2.10. Let u and v he two strictly increasing functions as in Theorem \l.l\ and let Sqj^{iP) 
be defined by ^2.7\). Then 



(i). For any continuous ^ : [0, T] — )■ M and any S,r] > there exists an > such that 



,( sup |y/ - m\ < 5) > exp{--(So^y(V') + v)} (2.9) 
o<t<T e 



/or < e < eo- 



(a). Let s G (0,oo) and = G C([0, T];IR) : Sffp{ip) < s}. For any 6,h > there exists an 
eo > such that 

P,(poT(r , ^s) >S)< exp{-^(s - 7?)} (2.10) 
for < e < eq. Here, poxi', •) is the uniform metric in C{[0,T];M). 
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□ 

Proof. Both statements are trivially true if ■0 is such that S^rp{'ijj) = oo. So, we assume that ip is 
such that S^rp^ijj) < oo. 

Throughout the proof of this Theorem we work with a sequence of functions {vn{x))^fz^ as in 
the statement of Lemma |2.3[ Lemma 12.31 guarantees that for tp such that ^{Eu-x(^)) — relation 
(j2.6p holds with cf) = u-i{ip). If the function ijj is such that A(£'„_j(^)) > 0, then we consider a 
sequence {vn{x)) ^^j^j- such that, in addition to the previous requirements, relation (|2.6p still holds 
(with the interpretation of <7u_i(^)(i) given in the statement of Theorem II. ip . We claim that this 
restriction can be done without loss of generality. We leave the proof of this claim for the end and 
we continue with the proof of the Theorem. 

(i). Let n,N > 1 be positive integers that will be chosen appropriately later on and recall the 
definition of the sequences (T"')„gj^ and (cT")^gf^ by ()2.ip and (|2.5p respectively. We have 

sup \Yt'-m\<s) > 

0<t<T 

> P,( sup \Yt'-m\ <S/N, (2.11) 

0<t<T 

sup \VeW (cT„.,(^)(t) + K - + 

it)] + K_,w(*) - - m\ < 

Note that the notation Wt and W{t) are used equivalently. 

Now by statement (i) of Theorem 12.11 we know that for every S > and e > and for n large 
enough, the following statement holds 

S 2 

P,( sup |t^" ,( /ivF)(*) - ^u,,iV-eW)it)\ > t) < eM—S'^rm (2.12) 

0<t<T ; '4 g 

Moreover, the continuity of the function and the fact that 
imply that for any di > 

sup K i(v/^VF)(0 - < '^1/2 (2.13) 

0<t<T ' 

for trajectories Y^, < t < T, such that supQ<j<y \Yf — ip{t)\ < 5/N with a large enough N that is 
independent of n. 

By the choice of the approximating sequence {vn{x))^^^j^ and Lemma 12.31 we also have that 



sup W: ,(^)(t)-cT._,(^)(t)| <<5i/2 (2.14) 

0<t<T 

for n large enough. 
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Furthermore, for a one dimensional Wiener process Wt we have 

f ^ , , 

P^,. ve max max \Wt+s -W's\> - 
V 0<t<T \s\<5i,t+s>0 4 



< 
fc=l 



( \/e max 


WkT ,^ — WkT 


> 


y 0<s<25i 


^1 





4 



< ( ^ + 1 ) (yfe max > ^ 

.T + l 52 
-^^"P^-4^^ 

< exp{--^S^Tm (2.15) 



for (5i = 5/105^ (-0) and e > smah enough. 

Combining now relations (|2.1ip - (j2.15p and Lemma 12.41 we get 



\{ sup \Yt'-m\<s) > 

0<t<T 



> P,( sup \VeWia^_,(^)it)) - m\ < 7) - 3exp{--5o^T(V')} 
0<i<T 4 e 



= P,( sup |ViW(t)-V>(7„_^(^)(t))| < ^)-3exp{--5o^r(V')} 

0<i<<T„_^(^)(T) 4 € 

> Coew{--^iSUi^) + r,)} (2.16) 

for e small enough. In the last inequality we used the well known formula for the action functional 
of the Gaussian process ^/eW{t) on the function ^(7„_j(^)(t)) for < t < au_-^{ip){T). 

(ii). By Lemma 12.71 we know that is exponential tight. Hence for a = 2s + 1 we have 

F{pot{Y',K2s+i) >6)< exp{-^^} 



We have 



P,(poT(r,^s) >5) = F,{pot{Y.\^s) > 5,pot{Y',K2s+i) <5) + 

+Fa:{pOT{Y.%^s) > 5, POT (X% i^2s+l ) > S) < 

< ¥,,{pot{Y:,K2s+i\^s) <6)+exp{-'^^} (2.17) 



Let now ip G ^^25+1 \ ^s- Recall that Yf = y/eW (^T„_;^(^iy)(*)j • Hence, we have 
P^( sup \Y,'-m\ <26) = 

0<t<T 

= P,( sup |y/-V(i)l < 25, (2.18) 

0<t<T 



0<t<T 



sup |\/eW^ (fT„_-^(^)(t) + [r"_^(^^^j 
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Using (j2.12p - (j2.15p and Lemma 12.4^ the latter implies that for n large enough and 5 small enough 
we have 

P,( sup <28) < 

0<t<T 

< F,( sup W) - Ht)\ < 86) + 3exp{-^^} 

0<t<T € 

= P,( sup \V~^W{t) - ^(7«_,(^)(t))| < 85) + 3exp{-^^} 

o<t<<T„_j(v,)(T) e 

< eM--^{SM^) - r])} + 3exp{-^^} 

< Coexp{-^{s-r])}} (2.19) 

for e small enough. In the last inequality we used the well known formula for the action functional 
of the Gaussian process ^/€W{t) on the function ipi'yu-i{ip)i't)) for < t < (T„_^(^)(T) and that for 
fp G K2S+1 \ ^'s we have 5^(V') > s. 

Let now ^/;* for i G {1, • • • , iV} be a finite 5-net of K2S+1 \ ^s- Then ([2171) and ([2J9|) imply 
that 

F,{Pot{Y:,^s) >S)< CoeM--^{s-v)}} (2-20) 

for e small enough. This concludes the proof of part (ii) of the Theorem. 

It remains to prove the claim made in the beginning of the proof. Let us pick a point z € 
{U UV)\ Vd and let us write for notational convenience = U-i{ip). Denote = {t £ [0,T] : 
<j)t = z}. Essentially, we have two cases 

(i) . Assume that is an interval, for example E^ = [t(),ti] C [0,T]. We will have that (pt = 

for every t £ {tQ,ti). Then, it is easy to see that Se''{4') = St^t^i^') = (e.g., from expression 

dm]))- 

(ii) . Assume that E^ is not an interval. Then, one can use Theorem A. 6. 3 in [Tj or Problem 11 on 

pages 334—335 of [2] to claim that the Lebesgue measure of the set {t G [0, T] : (pt = z, <pt / 0} 
is zero (due to absolute continuity). 

Hence, in either case we have that Se^{4>) = 0. In other words, even though, for the case ^{Eff,) > 0, 
the limit of o'^(t) as n — 00 is affected by the approximating sequence {yn{x))n(zNi the correspond- 
ing action functional is not. Thus, we can make the convention that was made in part (i) of 
Theorem 11.11 

□ 

We conclude this section with the proof of Theorem 11.11 



Proof of Theorem Lemma 12.31 is essentially statement (i) of Theorem 11.11 

As far as statement (ii) of Theorem II. II is concerned, we have the following. By Remark 11.31 and 

)te[o,T] 



Theorems 12.91 and 12.101 we have that 7<S'^(^) is the action functional for the process (^^)tgroTl °^ 
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C([0,T];M) as e 0. Then by the contraction principle we have that the action functional for the 
process (X|)jgjQyj on C([0, T];M) as e J, is given by ^SoT{(t>), where 

5or(<A) = mf{S^TW : i; = u{4>)} 

The compactness of the set = {(/> G C([0,T];R) : SQT{(j)) < s} and the lower semicontinuity of 
SoT{(t>) follows immediately from the corresponding statements for and Sqj'{iIj). □ 



3 Proof of auxiliary results 

In this section we prove Lemma l2.3t Lemma [231 Lemma 12.51 Proposition 12.61 and Lemma 12.71 

Proof of Lemma \2.3l A lemma similar to this one is stated without proof in [2^. Here, we provide 
for completeness a sketch of the proof for our case of interest. 

Let : [0, T] — 7- M be a continuous function in [0,T], i.e. (p G C([0,T];]R). Recall that the 
functions cr^'(i) are defined by the formula 

It is easy to see now, that it is enough to prove that lim„_s.oo exists for any t G [0,T] 

independently of the choice of the sequence (fn)„gAr- Then, uniformity follows from the latter and 
the fact that the first derivatives of the functions o"^(t) are bounded uniformly in n and t G [0, T]. 
The assumptions on the functions u and Vn guarantee the boundedness of the first derivatives of 

It is clear that lim„_^oo o'^CO exists, independently of the choice of the sequence (t'n)„g7V' 
Lebesgue measure of V^,,/, is zero, i.e. A{Vci^^) = 0. In this case, the lim„_5.oo (^^{t) is continuous and 
strictly increasing function of t. 

Hence, it remains to consider the case A(Vd,(/,) > 0. It is enough to prove that for any e > 
there is a rao(e) > such that 

'X ^^'^'"'^"^^'^ ~ ^ ^ n,m> no(e). 



We write 



Jv^.^W^ ^ du 2 du 

If A{Vd^(f, n U^) = 0, then the second term in the inequality above is zero and it is easily seen that 
the first term can be made arbitrarily small for n, m large enough. 



13 



K.Spiliopoulos Large Deviations Principle for 1-D Markov Processes 



If, on the other hand, h.{U(j, P| Vd^^) > 0, then we may define 

hm / [l^i^sr'ds = 



and the result follows. Therefore, in the case A.{E^) = 0, the lim„_>.oo cr^(t) exists and the limit is 
independent of the approximating sequence {vn)n£N- Finally, it is easily seen that the limit is non 
decreasing and continuous in t. □ 



Proof of Lemma \2.4\ It is clear that jcf,{t) is right continuous. Moreover, it is easy to see that con- 
tinuity of cr^{-) implies that o'^(70 (i)) = (^<j}{l<p(t))- This implies that G almost everywhere 
in s G [7^ (t),^(j,{t)]. Recall that Vd is the set of discontinuity points for function v{x). 
Let now xq G Vd such that 0(7^ (i)) = ^o- Define 

So = sup{s : s G [7^(t), 70 = Xo,(p{p) ^ Vd\{xo} for ah p < s} 

If So = then (f){s) is constant almost everywhere in s G [7^(i), 70(i)]- Therefore, (j){s) is 

constant everywhere in s G [7^(t),7(^(i)] since 4>{s) is continuous. 

Assume that there is some xi G Vd with xi 7^ xq such that 4>{s) = xi for some s G [7^ (t), 7</)(i)]- 
In particular, define 

si = inf{s : s G (so, 70(i)], <^(s) ^VdX {xo}}- 

We write (/'(si) = 2:1. Of course, if sq = si then we have a contradiction since ipisi)) = xq and 
0(si) = xi. So, we assume that sq < si. In this case we clearly have that (y,p{sQ) < (t^{si). 
However, since [sqjSi] C [7^(i), 70(i)] ^4>(.') is non decreasing and continuous, the latter clearly 
contradicts cr^{'y'^{t)) = (T^{'^^{t)). Hence, such an xi does not exist. The latter implies that 
4>{s) is constant almost everywhere in s G ['^'^{t),7^{t)]. Therefore, (j){s) is constant everywhere in 
s G [7^(0; 7</'(^)] since ^(s) is continuous. 

□ 



Proof of Lemma \2.5[ Let be a sequence of functions in C([0, T]; R) that converges to (j) uniformly 
in C([0, T];M). We only prove parts (ii) and (iii). Part (i) is easily seen to hold by the uniform 
convergence of (j)"" to (p. 

Let t* G [0, (T0(r)] be a continuity point of 7</,(t). Of course, 7(/,(t) can only have countable 
many points of discontinuity. 

Let s* G [0,r] be such that = Such an exists because o"^(s) is continuous. By part 

(i) we have that for any e > there is an no(e) G N such that 

|(T0n(s) - a^{s)\ < e 

for every s G [0, T] and n > no(e). 

The latter and the fact that j^n (t) is non-decreasing give us 

7<^n((T0n(s^,) - e) < j^n{a^{s^)) < 70n(<T^n(s^,) + e) 
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For n > no(e) we have 

7<^n(cj^n(s^) + e) = inf{s : a^^{s) > a^r,{s^:) + e} 

< inf{s : cT^(s) > cr^"(s=i.) + 2e} 

< inf{s : (T^{s) > a^{s^) + 3e} 
= 7<^(<7</.(s*) + 3e) 

Likewise, for n large enough 

7<f,"{(^<f,"{s*) - e) > 1<i,{cr^is*) - 3e) 
Therefore, for n large enough, we have 

74,{(T4>{s*) - 3e) < j^n{a^{s^)) < -y^{a^{s^) + 3e) (3.1) 
Therefore, ()3.ip implies that 

70n (0-^(5*)) l(i,{cr^{s*)) as n cx), 

or in other words 



7<^"(**) 7(^(**) as n 



00, 



which concludes the proof of part (ii) of the lemma. 

Lastly, we prove part (iii) of the lemma. Let t £ [0,(T^(T)]. We write 

< (3-2) 



The uniform convergence of 0" to (j) guarantees that the first term in the right hand side of ()3.2p 
can be made arbitrarily small for n large enough. Moreover, part (ii), guarantees that the second 
term can be arbitrarily small provided that t is a continuity point of 'Jfpi-)- Hence, it is enough 
to consider the case where t is not a continuity point of 'y^{-)- We claim that the following two 
statements hold. 

a) For every e > there is a rao(e) > such that for every t G [0,a^{T)] and for every n > no(e) 
we have that 

7<^"(i) e [70(i- e),7<^(^ + e)]• 
b) The function (j){s) is constant for s £ [7^ {t),7<f>it)], where we set 7^ (i) = lim^^^.^- J,f,{s). 

These statements together with the uniform convergence to <j) guarantee that the second term 
in the right hand side of (|3.2p can be made arbitrarily small for n large enough even if t is not a 
continuity point of 7(/)(-)- Hence, it remains to prove the claim. Part a) follows by an arguement 
similar to the one that was used in the proof of part (ii) of this lemma (see (j3.ip ) and part b) is 
Lemma 12.41 

This concludes the proof of the lemma. □ 



15 



K.Spiliopoulos Large Deviations Principle for 1-D Markov Processes 

Proof of Proposition [K6[ Recall that Xf = ti_i[y^WV^ (y/iw)!*)]' '^here is defined as 

in (j2.2p with ^/eW in place of W. Let us also define Xt = U-i[W^^ '^^^^^ '^u-i{w)i^) is 

defined similarly to (j2.2p . Then, we easily see that 



= -eL 2d^("-^^^^)^'^^ 



On the other hand, it is also true that 



1 r"-,iW)i-') IdVn, 



The latter imply that 



2d^("-^(^^))^^=yo 2d^("-^(^^))'^^ 

Taking into account that r" j(^vi/)(^) ^'^'^ i(VF)(*) ^'■^ strictly increasing in t and that ^ is 
strictly positive, we get that almost surely 

The latter implies that 

= ^ei. (3.3) 

Let now 1 be an interval in M and Tj and T/ be the exit times for XI ^ Xt from 1 respectively. Then 
using (j3.3p . the infinitesimal generator of XI is 

^. E,/(X^J-/(x) ) - /(x) E,f, 
iim — = lim — 

= eD^Du, 

where dl is the length of /. This concludes the proof of the proposition. □ 



Proof of Lemma \271\ The result can be easily derived by the representation = ^/eW^^ (v^»-)(*) 
and Theorem 4.1 of [3]. □ 
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4 Generalized reaction-diffusion equations and some results on 
wave front propagation 

In this section we discuss reaction-diffusion equations governed by a generalized elliptic operator 
DyDu- We will refer to them as generalized reaction diffusion equations. We apply Theorem 11.11 
to the problem of wave front propagation for these type of reaction-diffusion equations in the case 
where the non-linear term is of K-P-P type. 

Let DyDu be the operator introduced in the introduction. For / G T){DyDu), i.e. for functions 
that belong to the domain of definition of the D^D^ operator, consider the following reaction 
diffusion equation 

ft{t,x) = DyDuf{t,x) + c{x,f{t,x))f{t,x) 

f{0,x) = g{x) (4.1) 



We shall consider the generalized solution to (14. ip . We define the operator 

Af = -ft + DM. 

As it is well known, there exists a corresponding Markov family Ys = {t — s,Xs) in the state 
space (— oo,T] x R, T > 0. Here Xg is the strong Markov process governed by the operator D^Du- 
Moreover, we define /(t, x) = g{x) for i < 0. Using the Feynman-Kac formula, the solution to this 
problem may be written as follows: 

/(t, x) = E^5(Xj)ei'o <XsJ{t-s,Xs))ds ^4_2) 

We shall call the solution to equation (14. 2p the generalized solution to equation (14. ip . Throughout 
this section, we will make the following assumption. 

Assumption 4.1. The function c{x,f) is uniformly bounded in all arguments, continuous in x 
and Lipschitz continuous in f . The initial profile g{x) is a hounded, nonnegative function that can 
have at most a finite number of simple discontinuities. 

□ 

One can prove, via the standard method of successive approximations, that under the afore- 
mentioned assumption, there exists a unique generalized solution for the problem (j4.ip . Namely, 
the equation (j4.2p has a unique solution (see chapter 5 of [5] for more details). 



Generalized reaction diffusion equations, like (14. ip . can appear in applications as, for example, 
the limit of a family of standard reaction-diffusion equations. 

Let us demonstrate this in a simple case. Consider the family of problems 

/f(i,x) = L„r(t,x)+c(x,r(t,x))r(t,x) 

r(0,x) = g{x) (4.3) 
where L„ is a family of standard second order elliptic operators 

Lnf{x) = 2«"(^)^^ + ""^""^d^' ^ ^ 
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Assume that the hmits of the coefficients an{x) and bn{x) are discontmuous as fohows 

hm an{x) = a{x) 

and 

hm bn{x) = b{x) 



a+{x), X > 
a_ (x), X < 0. 



6+(x), X > 
6_(x), X < 0. 



where a{x) and b{x) may not be defined or be discontinuous at x = 0. Define 

_ ry ^tsdildz r 2 tV ?hlMdz 

Unix) = / e ■'o ''"(^) dy and v„(x) = / — rr^ ""'^^ dy. 
Jo Jo an{y) 

We observe that D^^Du^f = L^f . Let X"^ be the one dimensional Markov process with infinitesimal 
generator L„ and let r"'(— 5, (5) = inf{t : ^ (—(5,5)}. Define the quantities 

Pr = hm hm P,.(X-„ = (5) = hm lim ^»(^) - ^"(-g 

(54,0 n-5>oo ,54,0 n-s>oo Un{0) — Un{ — 0) 

Un{5) - Unix) 



Pi = lim lim P^.(X;^„ = -5) = lim lim , 

54,0 n-5.oo 54,0 n-5.oo Un[0) — Un[ — 0) 

K = lim lim W.J-T^'i-d.d). 
54,0 n.-s>oo (5 

The function mn{x) = E2;t'"(— 5, 6) is solution to the equation D^^Du„mnix) = —1 with boundary 
conditions mn{—5) = mn{5) = 0. 

If Pf. = Pi = ^ and K = 0, then the limit (in distribution) of X^ behaves locally like a Wiener 
process. But, of course, this is not the case in general. Define the functions 



u{x) 



i /q e dy, X < 0. 



u(x) 



^ + ^^/o ^y^^Jo^-^^dy, x>0 
PiIo7f^^^"'^'^dy, x<0. 



_ p 2b„iz) 

and assume that Pr, Pi, n and that the limit lim„_j.oo e ■'° exists for all y G M. It is easy 

to see that 

u{x) = lim Un{x) for every x € M 
t;(x) = lim Vn{x) for every x G M \ {0} 

Then, it can be shown (see [12] for more details) that 

lim r(t,x) = /(t,x). 
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where fnit,x) and f{t,x) are the generahzed solutions to (|4.3p and (j4.ip respectively. In this case, 
the domain of definition of the D^Du operator is 

V{DM = { f: / GCe(M), with /,,/,.,.gC(M\{0}), 
Prf+{0) - PifUO) = KDvDuf{Q) and 
DvDufiO) = lim DvDuf{x) = lim DvDuf{x)]. 

Let us study now the problem of wave front propagation for the following equation. For / € 
'D{D^Du) consider the generalized solution to the following reaction diffusion equation 

ft'{t,x) = eDM'{t,x) + -^c{x,nt,x))r{t,x) 

nO,x) = g{x) (4.5) 

For brevity, we consider the initial profile of (|4.5p to be given by g{x) = Xx<o, where Xx<o is the 
characteristic function of the set {x : x <0}. Moreover, the non linear function c{x,f) is assumed 
to be of Kolmogorov-Petrovskii-Piskunov (K-P-P) type, i.e. it is Lipschitz continuous in / G M, 
positive for / < 1, negative for / > 1 and c{x) = c(x,0) = maxo</<i c{x,f). Generalized reaction 
diffusion equations that have a K-P-P type nonlinear term are called K-P-P generalized reaction 
diffusion equations. 

It is not difficult to see that the classical results of Freidlin [5] on wave front propagation of 
K-P-P reaction diffusion equations hold in this well. Let us define 

W{t, x) = sup{ / c(0,)ds - 5ot(0) : G Co,t, = x,<Pt< 0}. (4.6) 

where c{x) = c(x,0) = maxo</<i c(x, /) and Sot{<P), defined by (jl.lOp . is the action functional for 
the Markov process whose infinitesimal generator is eD^Du- 

We say that condition (N) is satisfied if for any t > and {t,x) G {(i,x) : W{t,x) = 0} : 

W{t, x) = sup{ / c{(j)s)ds - Sot{(l)) : 4>Q = x,(l)t< 0, 
^0 

(i-s,0,)G{(t,x):I^(t,x)<O}}. 

Theorem 4.2. (Freidlin J^j. Let f^{t^x) he the unique generalized solution to Then, under 
condition (N) we have: 

lim/'(t,x = < ' ' 4.7 

40 ' ^ ' ' |o, W{t,x) < 0. ^ ' 

The convergence is uniform on every compactum lying in the region {{t,x) : t > 0,x G R, VF(t, x) > 
0} and {{t,x) : t > 0,x G W,W{t,x) < 0} respectively. 

Hence, the equation W{t,x) = defines the position of the interface (wavefront) between areas 
where (for e > small enough) is close to and to 1. Moreover, W{t, x) is a continuous function, 
increasing in t. 
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X < Xi 

Xi < X < X2 

X > X2- 



(4i 



We shall consider a simple example that illustrates the applicability of Theorem II. 1[ Assume, 
for brevity, that 

u{x) = X 

'Ax, 

v{x) = < K + Ax, 

_ K + Ax + B{x — X2) 
c{x) = c{x, 0) = c = constant, 

where k,A and B are positive constants and < xi < X2. Of course k is the jump of the function 
v{x) at X = xi. Moreover, v{x) has a corner point at x = X2- 

The process that is governed by the operator eD^Du is a time changed Wiener process with 
delay at x = xi. 

We shall derive the position of the wave front for this simple case. 

It is clear that inside the half lines and line segments {x < xi}, {xi < x < X2} and {x > X2} 
the process that is governed by the operator eD^Du behaves like a standard Wiener process. 
Hence, the extremals (j) of the variational problem (j4.6p for the functional RQt{(t>) = ct — Sot{4>) are 
line segments. Moreover, clearly, condition (N) holds. 

The position of the wave front (interface) for any couple (t, x) is given by the equation W{t, x) = 
0. Let = t^{x) satisfy the equation W{t^{x),x) = 0. Such a i*(x) is defined in a unique way. 

For X G [0, xi) the position of the wave front is 



W{U,x) = ^ ct* 



Ax^ , , Ha 

I7; = o^**(-) = Vi^^ 



(4.9) 



For X G [xi,X2) the position of the wave front is as follows. Assume that < /.to < ^1 < 
and that for t G [0, /io] and for t G the function (p is linear. For t G [fiQ, fii] we assume that 

<j){t) = xi. Straightforward algebra shows that 



it, 0<t< ^10 

^^{t - /ii + Ho), ^1 < t < t*. 



t + x, 



Therefore, we get 

W{t^,x) = ct 



0<t<ifxo 



inf { 



^(x-xi)2 A x\ 



0<Mo<Mi<t. 4 /Xo 



+ 



-} = 



4 - /xi " 

t^{x) = \l^x (4.10) 
V 4c 

In a similar fashion one can show that for x G [x2, 00) the position of the wave front is given by 
T^(t=^,x) = ^ ct* - inf -I ^ — ^ — + 



ct^ — inf { ^ 
0</io<Mi<t. 4 



A + B{x-X2f , A xl ^ _^ 



4 — /ii 



t*(x) 



^J,X2 + —^{X-X2)]. 



(4.11) 



20 



K.Spiliopoulos Large Deviations Principle for 1-D Markov Processes 

We make the following remarks. 

Remark 4.3. When u{x) and v{x) are smooth linear functions, say for example u{x) = x and 
v{x) = Ax, then the DyD^ operator corresponds to a standard Wiener process with a diffusion 
coefficient that depends on the slopes ofu and v. In particular, for the case u{x) = x and v{x) = Ax, 

we have that DyDu = the diffusion coefficient is and, as it is well known (see for 

example 114^ and f^l), the front travels with constant K-P-P speed However, as we can see 

from equations ^4j^'(4jJ^ ^^'^ j the corner points of u and v functions cause a change in 
the speed of propagation of the front. In particular, in the example considered above, the wave 

front travels with speed /'^^ x < X2 and with speed ^ for x > X2- Namely, the speed of 
propagation is different for different areas of the semi-axis {x : x > 0}. 

□ 

Remark 4.4. Moreover, a careful inspection of the calculations above shows the quite remarkable 
result that even though the function v has a discontinuity at the point x = xi, the action functional, 
evaluated at the function (j) that attains the supremum of Ii4.6\ ), does not see this. This implies that 
the discontinuity of v at the point x = xi does not affect the propagation of the wave front and, 
in particular, it does not cause delay of the wave front. By delay of the wave front we mean the 
situation where the wave front stays on a particular point for a positive amount of time. At first 
sight, this is counterintuitive since one would expect the wave front to experience delay at this point 
because the underlying process has delay at x = xi. However, as we saw, this is not true for this 
case. See the next section for some more detailed discussion on this. 

□ 

Remark 4.5. One may also assume that c{x) is not homogeneous in x. For example, one may 
suppose that c{x) = ci > for x < x* and c{x) = C2 > for x > x* , where < ci < C2 are 
constants and x* is some point on the positive x-axis. It is well known, f^, that in the case of 
standard reaction- diffusion equations, i.e. when the operator is the standard second order elliptic 
operator, the condition C2 > 2ci leads to jumps of the wave front (for more details see fBjl). It is 
easy to see that the aforementioned effects carry out in the case of generalized reaction diffusions 
as well. 

□ 

Remark 4.6. In this example we assumed that u{x) = x just for brevity. Of course, one could 
also assume that u has corner points. Then the phenomena that one observes are similar to the 
ones described above. Moreover, one can easily extend the aforementioned to the case where u and 
V have more than one non smoothness points. 



These complete the study of wave front propagation for piecewise linear functions u and v. 



□ 
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5 Concluding remarks 

In this paper we considered the large deviations principle for a large class of one dimensional 
strong Markov processes that are continuous with probability one. These processes were uniquely 
characterized by Feller [3] by a generalized second order differential operator D^Du and its domain 
of definition. We derived the action functional for a strong Markov process with operator cDyD^. 
Of course, such a process can be derived by the process Xt that is governed by the operator D^Du 
through a time change t — )• et, i.e. X| = X^f. We also considered reaction diffusion equations whose 
operator is a D^Du operator and studied the problem of wave front propagation for K-P-P type 
generalized reaction diffusion equations in a simple but intuitive setting. 
However, the following questions arise naturally. 

(i) . The process that we considered is governed by an operator of the form eD^D^, i.e. the e 

multiplies the operator and the functions v and u are independent of e. A natural question 
arises. What kind of dependence of the functions v and u on e would guarantee a large 
deviations principle for the resulting process ? Related to the latter question is also the 
following. How could one incorporate the drift in the action functional in this general setting 
? In other words, what is the right formulation of the problem, which would include the usual 
case (jl.4p . with the drift term present, as a special case ? 

(ii) . What other phenomena could one observe due to the non-smoothness points of u and v 

functions ? For example, in what scenario would the wave front have delay at particular 
points ? It is natural to expect delay at points of discontinuity of the function v, since at 
these points the corresponding process has delay. However, as we saw in the previous section, 
the simple situation where v has finitely many discontinuity points and it is independent of e 
does not give delay of the front. The same is true even if we assume that v is discontinuous 
at every integer point for example. This is because the front has the "tendency" to propagate 
forward and this scenario is not sufficient to "slow down" the front at these points. One, 
probably, needs to consider a more involved situation where u and/or v functions would also 
depend on e. 

We plan to address these questions in a future work. 
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